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Aim of the research and motivation

The aim

to investigate the properties of Lorentzian Polyhedra Propagator:

T= / dgYTgy
SL(2,C)

in large j limit
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Aim of the research and motivation

The aim
to investigate the properties of Lorentzian Polyhedra Propagator:
T= / dgYTgy
5L(2,C)
in large j limit
v
Motivation
. . . 4 -
» DC amplitude is proportional to [dg [[;_, (7i;| YTgY |i);
[ Bianchi, Rovelli, Vidotto: Phys.Rev.D82 (2010)] , [ Vidotto: Class.Quantum Grav.28 (2011)] , [ Borja, Garay,
Vidotto: SIGMA 8 (2012)]
v
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Aim of the research and motivation

The aim

to investigate the properties of Lorentzian Polyhedra Propagator:

T= / dgYTgy
SL(2,C)

in large j limit

y
Motivation
. . . 4 - -
» DC amplitude is proportional to [dg [, (i;| YTgY |i);
[ Bianchi, Rovelli, Vidotto: Phys.Rev.D82 (2010)] , [ Vidotto: Class.Quantum Grav.28 (2011)] , [ Borja, Garay,
Vidotto: SIGMA 8 (2012)]
> 2-vertex-and-1-edge DC:
4 = —
P n; Nj): [JP, in progress]
dgdg' I/, Yigy Yig'y i
o
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Aim of the research and motivation

The aim

to investigate the properties of Lorentzian Polyhedra Propagator:

T= / dgYTgy
SL(2,C)

in large j limit

v
Motivation
. . . 4 ~
> DC amplitude is proportional to [ dg [Tj_, (i YTgY |f;);
[ Bianchi, Rovelli, Vidotto: Phys.Rev.D82 (2010)] , [ Vidotto: Class.Quantum Grav.28 (2011)] , [ Borja, Garay,
Vidotto: SIGMA 8 (2012)]
> 2-vertex-and-1-edge DC:
4 o -
d d d P n; YT Y YT /Y Nj): [JP, in progress]
848 | 1i=1 g g g
» radiative corrections of "melonic” graph proportional to
Iog A- T2 [ Riello: arXiv:1302.1781 (2013)]
v
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Large j behaviour of
The S PA methOd diiolje cosmology

transition amplitudes

Jacek Puchta
We estimate the following integral for A >> 1 by the value of
integrand in the critical point xp of f(x)

Saddle Point Approximation

—Nf(x) _ (27T) —Nf(xo
/dx g(x)e M) = mg(xo)e A (o) (1)
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We estimate the following integral for A >> 1 by the value of
integrand in the critical point xp of f(x)

Saddle Point Approximation

— x) __ (27T) — X0
/dx g(x)e M) = mg(xo)e A (o) (1)

for multidimensional integrals:

27\ " (| B3F
n —NAf(x) _ < e
/d xg(x)e ( A ) (‘8X2

1/2
) g(XO)e—/\f(XU)
X0

(2)
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The SPA method

We estimate the following integral for A >> 1 by the value of
integrand in the critical point xp of f(x)

— X) __ (27T) — X0
/dx g(x)e M) = mg(xo)e A (o) (1)

for multidimensional integrals:
27 \" (| 0?f
—NAf(x) __
[ arx atge ) < (A) Oaxz

Note!

V(x) must vanish in xg, i.e. Xop must not be the extremum,
where V£ (x) is discontinues.

1/2
) g(XO)e—/\f(XU)
X0

(2)
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What if the function we integrate does not have an obvious
decomposition into g(x)e " (x)?

Saddle Point Approximation
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Not obvious decomposition of integrand

What if the function we integrate does not have an obvious

decomposition into g(x)e

—Af(x)7

Consider F(A) = [ d*®(x,A). Let's assume, that the integrand
®(x,\) has appropriate asymptotic behaviour, but we don't know
its decomposition into f(x) and g(x). In such a case we need to

investigate the function

i INNOVATIVE ECONOMY

. 1
= Allm A In(d(

de el
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Not obvious decomposition of integrand

What if the function we integrate does not have an obvious
decomposition into g(x)e ()?

Consider F(A) = [ d*®(x,A). Let's assume, that the integrand
®(x,\) has appropriate asymptotic behaviour, but we don't know
its decomposition into f(x) and g(x). In such a case we need to
investigate the function

.1
d(x) = Allm A In(®(x,N)) (3)

de el

we will call it the exponent part of the integrand.
The SPA formula will be true for critical points and Hessian matrix

of ¢(x).
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Def: Lorentzian polyhedra propagator

Given a set of spins ji, ..., jy we define an operator

T := / dg [y‘[gy] (A®--®jn) (4) By = s
SL2,C) B

actingon H;, ® --- @ H;,

2
i
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Definition

Def: Lorentzian polyhedra propagator

Given a set of spins ji, ..., jy we define an operator

T:= / dg [YTgy]h® oM (4)
SL(2,C)
actingon H;, ® --- @ H;,
We can consider its matrix elements in the |m); basis:
Ty my = /SL(2 o dg (my, ..., my| YTgY |my,oomy); o o
N
= dg [ [ (mil YTgY |m}),
/SL(2,(C) ,1:[1 o
N o
- dg D(vjhjf)(g)f,{”"{
/SL(z,c) ,1;[1 Jom
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Domain and rank ipeie cosmology
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It is easy to check, that T acts non-trivially only on the invariant
subspace of Hj, ® - -+ ® H,,:

Definition and basic

/ dg YTgY :/ dkdu YTkUY properties
SL(2,C) R3x SU(2)

= / dk YTkY/ udu = A- Py
R? SU(2)

T
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Domain and rank

It is easy to check, that T acts non-trivially only on the invariant
subspace of Hj, ® - -+ ® H,,:

T

i INNOVATIVE ECONOMY

/SL(z,C)

J,

dk YTky /
SU(2)

dg Yigy =

/ dkdu YTkuY
R3xSU(2)
udu=A- Prov

/ dkdu YTuky = Py, - A
R3x SU(2)
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Domain and rank

It is easy to check, that T acts non-trivially only on the invariant
subspace of Hj, ® - -+ ® H,,:

/ dg Yigy = /
SL(2,C) R3x SU(2)

T

Thus

i INNOVATIVE ECONOMY

J,

dk YTkY/ udu=A-
SU(2)

dkdu YtkuY

PInv

/ dkdu YTuky = Py, - A
R3x SU(2)

T = Pry - B+ Pray
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Domain and rank

It is easy to check, that T acts non-trivially only on the invariant
subspace of Hj, ® - -+ ® H,,:

T

Thus

/SL(2,<C)

J,

dk YTky /
SU(2)

dg Yigy =

/ dkdu YTkuY
R3xSU(2)

udu=A- Prov

/ dkdu YTuky = Py, - A
R3x SU(2)

T = Pry - B+ Pray

So it's enough to study the matrix elements between the SU(2)

invariants:

i INNOVATIVE ECONOMY

T, = / dg (i Yigy |!)
SL(2,C)
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Symmetries of the integrand 1 - SU(2) Largej behaviour of

transition amplitudes
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We need to integrate the function ®,,/(g, J) := (¢| YTgY |//) on
SL(2,C), where J = max;=1,.._n(ji). We anticipate that the
critical point will be in g = 1. Let us study the behaviour of ¢
close to g = 1.

Symmetries of the integrand
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Symmetries of the integrand 1 - SU(2) Largej behaviour of

transition amplitudes

Jacek Puchta

We need to integrate the function ®,,/(g,J) := (t| YgY |¢/) on
SL(2,C), where J = max;=1,.._n(ji). We anticipate that the
critical point will be in g = 1. Let us study the behaviour of ®
close to g = 1.

Symmetries of the integrand

There are six-dimensional basis vector fields on SL(2,C) given by
the generators of rotations J; and generators of boosts K;
(1=1,2,3).
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Symmetries of the integrand 1 - SU(2) s iy

transition amplitudes

Jacek Puchta

We need to integrate the function ®,,/(g,J) := (t| YgY |/') o
SL(2,C), where J = max;=1,.._n(ji). We anticipate that the
critical point will be in g = 1. Let us study the behaviour of ®
close to g = 1.

Symmetries of the integrand

There are six-dimensional basis vector fields on SL(2,C) given by
the generators of rotations J; and generators of boosts K;
(1=1,2,3).

It's straightforward to see, that J;®,,/(g) =0
Indeed: J; are SU(2) generators, thus they commute with the Y
map, and J; |t) =0, so

W YTghY |y = (| YigYJi|/) =0
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Large j behaviour of

Symmetries of the integrand 2 - z-boost Gipole cosmalogy

transition amplitudes

Let's now consider a z-boost YTe” Y. Since [K3, /5] =0, it's Jacek Puchta
convenient to consider it in the |m>j basis.

Defini
F
Symmetries of the integrand

www.fuw.edu.pl/~mpd
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Large j behaviour of

Symmetries of the integrand 2 - z-boost Gipole cosmalogy

transition amplitudes

Let's now consider a z-boost YTe” Y. Since [K3, /5] =0, it's Jacek Puchta
convenient to consider it in the |m>j basis.

Let’s define the function f,,(f)(n)

(m| YTy |m'); = 6 m £ (n) (%)

Symmetries of the integrand
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Large j behaviour of

Symmetries of the integrand 2 - z-boost dpole cosmelogy

transition amplitudes

Let's now consider a z-boost YTe” Y. Since [K3, /5] =0, it's Jacek Puchta
convenient to consider it in the |m> basis.

Let's define the function fn(,l)(n)

(m| YTy |m'); = 6 m £ (n) (%)

Symmetries of the integrand

We decompose the invariant tensors in |m>j basis

Z lmy---my |m17'~~v >j1®'“®jN
{m,
and thus
e77 3 ymem / ¢m1'“mN(e77K3)
E : by my - my
{mi}

where Oy () = [T1Ly (1)
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Large j behaviour of

Symmetries of the integrand 2 - z-boost sraniton sl
Let's now consider a z-boost YTe” Y. Since [K3, /5] =0, it's Jacek Puchta

convenient to consider it in the |m> basis.
Let’s define the function fn(,l)(n)

(m| YTy |m'); = 6 m £ (n) (%)

Symmetries of the integrand

We decompose the invariant tensors in |m>j basis
Z lmy---my |m17'~~7 >j1®'“®jN
{mi}

and thus

nk: 3 my---my my--my ( ,nKs
e Z t Lml qu)ml"-mN(e )
{m,

where GmLmn (gnKs) — H,N:1 fm(’,f’)(n)
Note that
5 since J; |t) = 0, only the terms with Z,{V:o m; = 0 counts. J




Symmetries of the integrand 3 - boost direction

Consider now a boost in arbitrary direction 7.
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. . . N Large j behaviour of
Symmetries of the integrand 3 - boost direction ok comobsy
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Consider now a boost in arbitrary direction 7.

Definit
e
Symmetries of the integrand

Since . .
enn-K — eV nksu _ uflenK3u

for some u € SU(2),

www.fuw.edu.pl/~mpd
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Large j behaviour of
dipole cosmology

Symmetries of the integrand 3 - boost direction e oo
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Consider now a boost in arbitrary direction 7.
Symmetries of the integrand

Since . .
e77n~K — eV nksu _ uflenK3u

for some u € SU(2), the value of <DLL/(e’77"R) is given by

O, (e"K) = (] Yiute™ouy |
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Large j behaviour of
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Symmetries of the integrand 3 - boost direction e oo

Jacek Puchta

Consider now a boost in arbitrary direction 7.
Symmetries of the integrand

Since . .
e77n~K — eV nksu _ uflenK3u

for some u € SU(2), the value of <DLL/(e’77"R) is given by

O, (e"K) = (| Yiute™ouy |) = (utyTe™ v |)
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Consider now a boost in arbitrary direction 7.

Symmetries of the integrand

Since . .
e77n~K — eV nksu _ uflenK3u

for some u € SU(2), the value of <DLL/(e’77"R) is given by

b, (") (| Yiute™ouy |) = (utyTe™ vu /)

(| YTy /)y =
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Large j behaviour of
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Symmetries of the integrand 3 - boost direction e oo
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Consider now a boost in arbitrary direction 7.
Symmetries of the integrand

Since . .
e77n~K — eV nksu _ uflenK3u

for some u € SU(2), the value of <DLL/(e’77"R) is given by

O, (e"K) = (| Yiute™ouy |) = (utyTe™ v |)
(| YTy |1y = &, (e")
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Large j behaviour of

Symmetries of the integrand 3 - boost direction dpole cosmoogy

transition amplitudes

Jacek Puchta

Consider now a boost in arbitrary direction 7.

Symmetries of the integrand

Since . .
e77n~K — eV nksu _ uflenK3u

for some u € SU(2), the value of <DLL/(e’77"R) is given by
b, (e"K) = (| Yiule™ouy ) =@ \ uLyTen e vy ()
(@ YTe"eY 1) = @, (e")

Thus the behaviour of ®,,/(e7%3) and f,,(,j)(n) is crucial in further
calculation.
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Strategy of integration 1: parametrisation of

SL(2,C)

We need to integrate fSL(2 o) dg &, (e"(8)3),

Since the integrand depend only on 7, one may be tempted to use

the decomposition g = u;

E INNOVATIVE ECONOMY

/SU(2) X SU(2) xRy

ey, and the measure

sinh?
duld@?"dmw(e"%)
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Strategy of integration 1: parametrisation of

SL(2,C)

We need to integrate fSL(2 0) dg ,,(e"(8)s),

Since the integrand depend only on 7, one may be tempted to use

the decomposition g = u;

/SU(2) X SU(2) xRy

1

ey, and the measure

sinh?
duld@T"dnqm(eﬁKs)

however we anticipate that the maximum of ® is 7 = 0, where the
parametrisation breaks down.

i INNOVATIVE ECONOMY
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Strategy of integration 1: parametrisation of

SL(2,C)
We need to integrate fSL dg ®,,/(e"8)ks),

Since the integrand depend onIy on 77, one may be tempted to use
the decomposition g = ul_le”K3 up and the measure

/ dundu 2 dne,, (e7%2)
SU(2)x SU(2) xR, Am

however we anticipate that the maximum of ® is 7 = 0, where the
parametrisation breaks down.

Thus let’s parametrise SL(2,C) with (u,X) € SU(2) x R3:
_16‘)?“(3")?

g(u,x) = unz

where ng € SU(2) is such a rotation, that ng~!|X|Lsng = X - L, i.e.

e cos @ —et( gin (QX)
o\ em () sin @ cos @

Large j behaviour of
dipole cosmology
transition amplitudes
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Strategy of integration 2: measure

dg

i INNOVATIVE ECONOMY

dU1 dU2

FNP

sinh? 7

""'W'W-

dn = du d3x p(X)
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Strategy

dg

i INNOVATIVE ECONOMY

of integration 2: measure

. h2
duy dup 224y = du d3x p(R)
1
duwdqb()?) sin A(X)dA(X) sinh? (%) dn(X)
e b | www.fuw.edu. pl/~mpd
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Strategy of integration 2: measure

dg =

dU1 dU2

du

dn = du d3x p(R)

———d(X) sin 6(X)d(X) sinh? n(X)dn(X)

Putting d3x = |X|?sin #dfd¢ and n = |X| we get

E INNOVATIVE ECONOMY
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Strategy of integration 2: measure

sinh? 7

dg = duw; dw dn = du d3x p(X)

= duﬁdd%)sin0()?)d9(>'<‘)sinh2n(>’<')dn(>’<‘)

Putting d3x = |X|?sin #dfd¢ and n = |X| we get

) = (b’

Note that

There are two properties of the measure important for the SPA

method:

> Iim)‘(’ﬁo ,Uf()_() = (471r)2

> limy_o0 & In[1(X)] = 0 - thus it does not effect the behaviour
of the exponent part of the integrand.

y
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. . . Large j behaviour of
Strategy of integration 3: SPA and Hessian dpole cosmoogy

transition amplitudes
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We expect the critical point to be Xy = 0. If the exponent part
¢,/ (X) of the integrand ®,,/(X) is smooth (and so is its derivative)
in X, the integral equals Defin

3 Y B
27'[' 2 1 1 Strategy of integration
TLL/ I/ dg (DLL/ g)= <> —u(0 (DLL/ 0 (1 + (0] <>>
ooy 800 @= () @00 :

where H is the Hessian matrix of ¢,,/(X) := lim % In®,,(X)
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Large j behaviour of

Strategy of integration 3: SPA and Hessian dicle cosmolosy

transition amplitudes

Jacek Puchta

We expect the critical point to be Xy = 0. If the exponent part
¢,/ (X) of the integrand ®,,/(X) is smooth (and so is its derivative)
in X, the integral equals

3
27'[' 2 1 1 Strategy of integration
TLL/ I/ dg (DLL/ g)= <> —u(0 (DLL/ 0 <]_ + o) <>>
ooy 800 @= () @00 :

where H is the Hessian matrix of ¢,,/(X) := lim % In®,,(X)

Hessian of ¢

Since ¢, is spherically symmetric (so it is a function of one
variable 1), we can express it's Hessian for n — 0 as

1 d26 d26 26\ °
det[Hy],_, = det {2 (8:0m) an] = det [5,-,-01772] = ((W)

4
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The Lorentzian polyhedra propagator

Recall now, that
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®,,(0) = (t| YT v |1y = (4| |/) = 6,00
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Large j behaviour of

The Lorentzian polyhedra propagator dipol cosmology

transition amplitudes

Jacek Puchta

Recall now, that

®,,(0) = (t| YT v |1y = (4| |/) = 6,00

Strategy of integration

The Lorentzian polyhedra propagator

So neglecting the % terms the operator T is

2m\? (4P 1
TLL/ - _7T QSLL/ 5LL/
J dn? (4m)?

i movATIE conomY B bty | | www.fuw.edu. pl/~mpd



. Large j behaviour of
The Lorentzian polyhedra propagator Fe Sl i

transition amplitudes

Jacek Puchta

Recall now, that

0 (0) = (o YTV 1) = ol V) = S

mmetri

Strategy of integration

The Lorentzian polyhedra propagator

So neglecting the % terms the operator T is

3 /q20 0\ 3
TLL’ = 2—71- d QSLL 1 6”/
J ar ) (@n)y

Now we will check smoothness of the exponent part of integrand,
and calculate the Hessian.
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Integrand’s smoothness check
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Strategy

We are going to investigate the function

fraf;f><n>) =35 ()

in the limit J> 1 and n < 1.

=

(;Sr??(an) = % In (

1
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Strategy

We are going to investigate the function

fraf;f><n>) =35 ()

in the limit J> 1 and n < 1.

=

¢r?7(n7~j) = % In (

1

We will do it by finding a compact form of fg)(n) and analysing
its Taylor series.

i INNOVATIVE EcONNY e B | www.fuw.edu. pl/~mpd

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

Integrand’s
smoothness check



Large j behaviour of

The £Y (77) function S

transition amplitudes

Jacek Puchta

fU(n) = (m| YTery Im); = D(w',j)(enKs)jj:Z

()
Lin (£Y)(m))

P=(n, J)
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The f,,(f)(n) function

FD(n) = (m] Y0¥ m); = DOI)(e )

Thanks to Y maps, which make the parameters (p, k) of primary
series dependent on j, and which pick the lowest spin subspace of
(p, k), these matrix elements has rather simple form
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[ . Large j behaviour of
The Y )(77) function dpol cosmolog

transition amplitudes

Jacek Puchta

FD(n) = (m] Y0¥ m); = DOI)(e )

Thanks to Y maps, which make the parameters (p, k) of primary
series dependent on j, and which pick the lowest spin subspace of
(p, k), these matrix elements has rather simple form

. 2 - .
fOm) = (2 H)(j +Jm) e~ el e~ Ut
1

/ dxxj+’"(1 — X)f—'" (1 _ (1 _ e—2n) X)ivjf(jJrl)
0

[ Ruhl (1970)]
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The f,,(f)(n) function

FD(n) = (m] Y0¥ m); = DOI)(e )

Thanks to Y maps, which make the parameters (p, k) of primary
series dependent on j, and which pick the lowest spin subspace of
(p, k), these matrix elements has rather simple form

(2j + 1) 2j e~ M givin g—(+1)n
[+ m

/ dxxj‘“"(l — X)f—'" (1 _ (1 _ e—2n) X)l’YJ*(JJrl)
0

D) =

[ Ruhl (1970)]

(simple when compared to the general SL(2,C) representation’s

matrix elements)

i INNOVATIVE ECONOMY

-m»umn

www.fuw.edu.pl/~mpd

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta



Large j behaviour of

The f (77) function in hypergeometric , Joclecomelogy
representation cek Puchta
f0n) = 2J+1)(J ) e~ ™ givin g—U+1)n
()

0 ial
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The f,,(f)(n) function in hypergeometric

representation

D) =

(2j + 1)(/ ) e~ ™ givin g—U+1)n

/ XML =Xy (1— (1— e ?) X)WFUH)
0

Recalling the integral definition of the Hypergeometric Function of

2nd kind

c 1
2Fi(a, b,c; z) = F(b)rl_((c)—b)/o de 711

i INNOVATIVE ECONOMY
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The f,,(f)(n) function in hypergeometric

representation

D) =

(2j + 1)(/ ) e~ ™ givin g—U+1)n

/ XML =Xy (1— (1— e ?) X)WFUH)
0

Recalling the integral definition of the Hypergeometric Function of

2nd kind

c 1
2Fi(a, b,c; z) = F(b)rl_((c)—b)/o dt tP=1(

we get

fU(n) = e Utmtbnginm

i INNOVATIVE ECONOMY

FNP
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(./) Large j behaviour of
I f dipole cosmology
n m (77) transition amplitudes

Jacek Puchta

) (1)
L (D)

b~(n, J)
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in (7))
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FNP

= -+ m+1n+ijyn
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in (7))
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in (F9m)

FNP

= — [+ m+1)n+ijyn+¥(n)

""'W'W-
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j Lar.gej behaviour of
In ( £ )(77))  Jele cosmalony
Jacek Puchta
in (F9m) = = G+ m+ g+ ijyn + ()
Ym)i=In[2F (j+m+1, j+1—ijy, 2j+2; 1—e )]

L (D)
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j Lar.gej behaviour of
In ( £ )(77)>  Jele cosmalony
Jacek Puchta
in (F9m) = = G+ m+ g+ ijyn + ()
Ym)i=In[2F (j+m+1, j+1—ijy, 2j+2; 1—e )]

Note that the fourth argument of 5 F; is small for n close to 0. 958
Indeed, 1 — e~2" = 2n + O(n?). J
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j Lar.gej behaviour of
In ( £ )(77)) oot comclos
Jacek Puchta
In (ﬁ?(n)) = —(j+m+1)n+ijyn+v(n)
Ym)i=In[2F (j+m+1, j+1—ijy, 2j+2; 1—e )]

Note that the fourth argument of 5 F; is small for n close to 0. :
Indeed, 1 — e~2" = 21 + O(n?). e

Let's now recall the series definition of >Fy:

>, akbk P
oFi(a, b,c; z) = ; czk!z




in (£9(n))
in (F9m) = = G+ m+ g+ ijyn + ()

Ym)i=In[2F (j+m+1, j+1—ijy, 2j+2; 1—e )]

Note that the fourth argument of 5 F; is small for n close to 0.
Indeed, 1 — e~2" = 2n + O(n?).

Let's now recall the series definition of »F;:

>, akbk P
oFi(a, b,c; z) = Z A z
k=0

For z close to 0 we Taylor expand it obtaining

N ab a(a+1)b(b+1) , 3y
2F1(a,b,c,z)—1+?z+wz +O(Z)—1+6

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

L (D)



in (£9(n))
in (F9m) = = G+ m+ g+ ijyn + ()

Ym)i=In[2F (j+m+1, j+1—ijy, 2j+2; 1—e )]

Note that the fourth argument of 5 F; is small for n close to 0.
Indeed, 1 — e~2" = 2n + O(n?).

Let's now recall the series definition of »F;:

>, akbk P
oFi(a, b,c; z) = Z A z
k=0

For z close to 0 we Taylor expand it obtaining

N ab a(a+1)b(b+1) , 3y
2F1(a,b,c,z)—1+?z+wz +O(Z)—1+6

i Thus we can apply the Taylor expansion to In[2F1(a, b, ¢; z)]

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

L (D)



Large j behaviour of

Taylor expansion of In[2F;(a, b, ¢; z)] ok commoroy

transition amplitudes

Jacek Puchta

V() = In[2R(+m+1, j+1—ijy, 2j+2; 1—e )]
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Large j behaviour of
dipole cosmology

Taylor expansion of In[2Fi(a, b, ¢; z)]

Jacek Puchta

V() = In[2R(+m+1, j+1—ijy, 2j+2; 1—e )]

2+ +m+1) 29+ m+1)
- 2 +1 g 2j + 1

CG-mU+m+) (A=) +1]) ,
G+ 1))+ 1) 7

- mGEml)
t @y T o)

== www.fuw.edu. pl/~mpd
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Taylor expansion of In[2F;(a, b, ¢; z)]

Separating into m dependent and m independent part:

2+ 1) 2vj(j +1)
vin) = 2+1 1T Tyt
P-4+ , . P
BT N ) +1)77 + ()
2(J+1) . 2
2 +1 m_’21+1”'m
[( ] 2 m — v 2
G+ )(21+1) ! GrnE+1"
(1 —=~%)j+1]j : vj
" (J+1)(2J+1) e - o™
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Large j behaviour of
dipole cosmology

Taylor expansion of In[2Fi(a, b, ¢; z)] e

Jacek Puchta

Extracting the leading order terms (in j):

) = m+0( ] — iyn[l+0()]

A=A o) + LR a+0G)) i)

+-m[1+0 (] — i m[1+ 0]

lf’y2

4

+ 7 -m[1+0(G7Y)] - i21j772'm[1+0(1'71)]

+ 1 *’727]2 m2 [1+ 0 (jil)] . il?f . m? [1 +0 (Jfl)]
4j 2j

www.fuw.edu.pl/~mpd
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Large j behaviour of
dipole cosmology

Taylor expansion of In[2Fi(a, b, ¢; z)] e

Jacek Puchta

Extracting the leading order terms (in j):

) = m+0( ] — iyn[l+0()]

A=A o) + LR a+0G)) i)

+-m[1+0 (] — i m[1+ 0]

lf’y2

4

+ 7 -m[1+0(G7Y)] - i2lj’72~m[1+0(fl)]

1—+2 . .Y .
+ ”-m[1+0( )] — iz - m*[1+0()]
g 2j
the terms proportional to mn? are negligible with respect to terms
2,2
men?.
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. Large j behaviour of
Taylor expansion of In[2F;(a, b, ¢; z)] oo commeney

transition amplitudes

Jacek Puchta

Extracting the leading order terms (in j):

) = m+0( ] — iyn[l+0()]

A=A o) + LR a+0G)) i)

+-m[1+0 (] — i m[1+ 0]

1772

4

n P omt 140G - i%?f m?[1+0 ()]

the terms proportional to mn? are negligible with respect to terms
2,2
men?.
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Large j behaviour of

Back to In (f,g,f )(77)> i

transition amplitudes

Jacek Puchta

In (f;{)(n)) = —(+1)n— mp+ i+ o)

D)

L (D)
b=(m, J)
Hessian
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Back to In (f,f,”(n)> E=

|n(fg>(n)) = —(+1)n— mp+ i+ o)

= —jn[t+0(™ "] — my+ ijym (
+in[1+0(™)] — in[1+0(™)]
+n-m[1+0 ()] —iy-m[1+0 ()]

)
+ jif [— % + z%] [1+0(G™)]

m? [1—+? Y .
+n2~7{ ; _15}[1+O(J ]

4

i INNOVATIVE ECONOMY FNP
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Back to In (f,@(n))

n(f9m) =

—(+n— my+ ijyn+ ¥(n)

—m[l+0(™] - mn+ ijwm
+in[1+0(G™)] — in[1+0(G™Y)]
+n-m[1+0(G™)] —iyp-m[1+0(7)]

+ jn? [ (1-77) + ﬂ] [1+0(™)]

4 2
2 2
» m-|1—7 .Y .1
- — —i=| |1+ 0
o TR - 3] oY)
The linear terms cancel )
E INNOVATIVE ECONOMY e Py | www.fuw.edu. pl/~mpd
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n (f9m) =

The linear terms cancel

Back to In (f,S,f)(n)>

—(+n— my+ ijyn+ ¥(n)

— mn+ ijyn
— iyn[1+0(™)]
+n-m[1+ 0G| —iym-m[1+0(7)]

+ jif [— w + z%] [1+0(G™)]
R L [ I
+n0(1)

4

i INNOVATIVE ECONOMY FNP
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Back to In (f,,(f)(n)>

|n(fg>(n)) —(+1)n— mp+ iy

_mlr]

+n-m[1+ 0] —iym-m[1+ 0]

+ ﬂ] [1+0(G™Y)]

2

2 (1=77)
+”’[ 4 2

2 2
2 M 1-9" v
tn j{ 4 )

+10 (1) +iynO (1)

The linear terms cancel

+ ()

[ o)

4

FNP

i INNOVATIVE ECONOMY
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n (f9m) =

The linear terms cancel

Back to In (f,S,f)(n)>

—(+n— my+ ijyn+ ¥(n)

—iyn-m [1 + 0 (j_l)]

A2
+ jif [— % + z%] [1+0(G™)]

m? [1—+? Y .
+n2-7[ - —zﬂ[HO(J 9]

170 (1) + 0 (1) + ’J—T’nou)

4
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1 Large j behaviour of
FI n a I |y - 77 dipole cosmology
J transition amplitudes
Jacek Puchta

Lets reorganise the quadratic terms:

n ((9n) = (1+w+ ’J’.’)nou)

—iym-m[1+0(™)] o (Do)
. m? 1—+2
+ jn [1—1.2} [—( 47)+zf [1+00™)]

E INNOVATIVE ECONOMY i b | www.fuw.edu. pl/~mpd



F . | | 1 | f(J) Large j behaviour of
= dipole cosmology
I n a y J n m (77) transition amplitudes
Jacek Puchta

Lets reorganise the quadratic terms:

In (f,,(,f)(n)> = <1+ iy + 'Jn) n0 (1)

— iy m[1+0 (7] s (D0m)
. 2 m2 1-— 2 . 1
+n [1—1,2} {—( ) z;] 140 ()]

And finally divide everything by J
1 ; 1 m 1
Zin (fO) = Z) - —= (1 it
Jn(m(n)) nO(J> i J<+O(J>>
2 2
2|4 _ M1 (1-79) Y 1
+ xn {1 j2][ 2 +22]<1+O<J

where x := 4 € [0, 1]
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dipole cosmology
transition amplitudes

Flnally % In <fr$7j)(77)> Large j behaviour of

Jacek Puchta

Lets reorganise the quadratic terms:

n ((9n) = (1 Tt ’J") 70 (1)
—iyn-m [1 + O (j_l)]

o] F 2 beov

And finally divide everything by J
Lin(0m) = P
J m J

e FIF ] o)

where x := 4 € [0, 1]

i INNOVATIVE ECONOMY FNP ,_:"“",'3“-
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Large j behaviour of
om(n, J P e
m I transition amplitudes

Jacek Puchta

()
£l (n)

()¢
“n (n))

z(n, J)

www.fuw.edu.pl/~mpd
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bm(n, J)

¢r’ﬁ(777 J)

i INNOVATIVE ECONOMY

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

b=(n,J)
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Large j behaviour of
om(n, J P e
m I transition amplitudes

Jacek Puchta

o~ L (0)

i=1
1 i'yN
= [0) J> - njzm, z(n, J)
i=1
2 N 2
o (A-=9%) v m;
i | POT L

Recall, that we consider only these matrix elements, that are
SU(2) invariant, thus Z,N:l m; = 0, so the term linear in 1 vanish
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Large j behaviour of
om(n, J P e
m I transition amplitudes

Jacek Puchta

o~ L (0)

i=1
1 i'yN
= [0) J> - njzm, z(n, J)
i=1
2 N 2
o (A-=9%) v m;
s |- O g S

Recall, that we consider only these matrix elements, that are
SU(2) invariant, thus Z,N:l m; = 0, so the term linear in 1 vanish

om(n, ) =1 [— (17 } ZN:X: { 7 ] (6)

i=1
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Large j behaviour of

Second derivative of ¢ st smpiases

Jacek Puchta

It is immediate to read (dz—¢> . from (6)
n=

dn?
5 2
— = |- —4 iy xi |1 — —
however we need to handle with the term vazl X 'J"—Q’Z e
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N 2
D im1 Xi T_

1

N

Note, that so far we had ¢z in basis |my,. .., mN>j1®“_®jN. In this
basis
N 2 N 2
_ m,‘ _ 1 1 Jz i —
(R 3% 2 M)y =5 (Al (J)®)° J(g)z )
i=1 i i=1 i

i INNOVATIVE ECONOMY NP
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Note, that so far we had ¢z in basis |my,. .., mN>j1®“_®jN. In this

basis
N 2 N 2
L m; 7) 1 3 920) |~
(A2 T )y = 54l > (Jo™)” (F))z )7
i=1 i i=1 i

But we are interested in matrix elements between invariant tensors
|t), thus let's consider

1 Jz, i
WY () J()z ')
i=1 ()
i INNOVATIVE ECONOMY Fup www.fuw.edu.pl/-vmpd
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Note, that so far we had ¢z in basis |my,. .., mN>j1®“_®jN. In this
basis

Loy

2
20)
; J

N 1 N .
— i — . = 2
(m ;Xi 7 )z = J (m ; (Ji?) Ty

But we are interested in matrix elements between invariant tensors
|t), thus let's consider

N

ot o) | N Y
<L|Z(J(;) ) 5> |U) = <L|Z(J(;) ) > 1)
i=1 J(i) i=1 J(i)

i INNOVATIVE ECONOMY e Py | www.fuw.edu. pl/~mpd
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N m Large j behaviour of

. X — dipole cosmology

=1 j? transition amplitudes
1

Jacek Puchta

Note, that so far we had ¢z in basis |my,. .., mN>j1®“_®jN. In this
basis

|m)-

2
20)
; J

N 2 1 N .
= i\l = 2
(m ;Xi 7 )z = J (m ; (Ji?) Ty

But we are interested in matrix elements between invariant tensors
|t), thus let's consider

N

WS (o 16 IR ! ENE
) =10 =Y () 1) =D () = 1)
i=1 J(i) i=1 J(i) i=1 J(i)
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N m2 Large j behaviour of

i X / dipole cosmology
I:]. ] 2 transition amplitudes
1

Jacek Puchta

Note, that so far we had ¢z in basis |my, ..., mN>j1®“_®J.N. In this
basis

i=1 Ji i=1

But we are interested in matrix elements between invariant tensors
|t), thus let's consider

S k0 S ke SN
(¢ ; (J(;) ) J(i)g |y = (4] ; (J(,-) ) J(,')2 |ty = (1] ; (J(,') ) J(i)2 ")
N 2 2 2
1 1 Jx, i + J (7 + JZ, i
Ly gt Bttt
i=1 i
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N m Large j behaviour of

: X: —- Sl e

=1 j? transition amplitudes
1

Jacek Puchta

Note, that so far we had ¢ in basis |m17...,m,\,>j1® qjy- 1N this
basis
N 2 N 2
L m; 7) 1 3 .
Y %1y~ 13 o) A
i=1 Ji i=1 (')

But we are interested in matrix elements between invariant tensors
|t), thus let's consider

A L’ NN Y
W (i) Sz 1) = (> (40 7z 1) = (> (40 > 1¢)
i=1 ! i=1 (1 i=1 (i
N 2 2 N 2
1 3 JX, o+ J S(i + Jz i 1 3 Ji
=50 ()T =L j(é Oy =20y () J( 5 1)
i=1 (’) i=1 (’)

i INNOVATIVE ECONOMY e Py | www.fuw.edu. pl/~mpd



Second derivative of ¢

2
It is immediate to read (j—n‘f)

appear to be equal

i INNOVATIVE ECONOMY FNP P

2
27)+M}

().,

2
however we need to handle with the term vazl X; T—Z which

www.fuw.edu.pl/~mpd

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

Hessian



Large j behaviour of

Second derivative of ¢ ol commoloy

transition amplitudes
Jacek Puchta

It is immediate to read (jin‘f) from (6)
n=0

2
however we need to handle with the term vazl Xi T—Z which Heasan
appear to be equal

1N
_52’“

i=1

so at the end of the day we have
d%) 2 [ (1 - ]
- =3 + vy X
(57). .73 >
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Results and summary
Result
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The final form of the Lorentzian polyhedra
propagator

Given two basis elements ¢, ¢ € Inv (Hj, ® --- @ H,,) the
Lorentzian polyhedra propagator’s matrix element is

1 6 2
TLL’ = i\ (Z) 6LL’
(4m)2 \wy XN ji

for wy, = —(1 —12) + 2iy
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Large j behaviour of
dipole cosmology
transition amplitudes

S ummary Jacek Puchta

» The integrand (¢| YTg Y |¢/) has been studied

Result

Summary
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Large j behaviour of
dipole cosmology
transition amplitudes

S ummary Jacek Puchta

» The integrand (¢| YTg Y |¢/) has been studied

» Smoothness of the exponent part has been proven - thus the
SPA is applicable

Resul

Summary

www.fuw.edu.pl/~mpd

i INNOVATIVE ECONOMY NP



Summary

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the
SPA is applicable
> the direct formula of the Hessian in the critical point has
been found

www.fuw.edu.pl/~mpd

i INNOVATIVE ECONOMY NP

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

Resul

Summary



Summary

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the

> the direct formula of the Hessian in the critical point has

> The leading order of the operator T has been studied.

SPA is applicable

been found

E INNOVATIVE ECONOMY

FNP

mum-

www.fuw.edu.pl/~mpd

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

Summary



Summary

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the

> the direct formula of the Hessian in the critical point has

> The leading order of the operator T has been studied.
> It splits into direct sum of T|

SPA is applicable

been found

1®-®in

E INNOVATIVE ECONOMY

FNP

mum-

www.fuw.edu.pl/~mpd

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

Summary



Summary

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the
SPA is applicable
> the direct formula of the Hessian in the critical point has
been found
> The leading order of the operator T has been studied.
> It splits into direct sum of T|j1®~-®jm
> On each space Inv () ;) it is proportional to the identity
with a factor dependent on total area of polyhedron A =3 j.

v

i INNOVATIVE ECONOMY

www.fuw.edu.pl/~mpd

Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

Summary



Large j behaviour of
dipole cosmology
transition amplitudes

S ummary Jacek Puchta

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the
SPA is applicable
> the direct formula of the Hessian in the critical point has
been found
> The leading order of the operator T has been studied.
> It splits into direct sum of T, o ..
> On each space Inv () ;) it is proportional to the identity
with a factor dependent on total area of polyhedron A =3 j.

Summary

v

Further directions

www.fuw.edu.pl/~mpd

E INNOVATIVE ECONOMY NP




Large j behaviour of
dipole cosmology
transition amplitudes

S ummary Jacek Puchta

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the
SPA is applicable
> the direct formula of the Hessian in the critical point has
been found
> The leading order of the operator T has been studied.
> It splits into direct sum of T, o ..
> On each space Inv () ;) it is proportional to the identity
with a factor dependent on total area of polyhedron A =3 j.

Summary

v

Further directions
» Subleading order

www.fuw.edu.pl/~mpd

E INNOVATIVE ECONOMY NP




Large j behaviour of
dipole cosmology
transition amplitudes

S ummary Jacek Puchta

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the
SPA is applicable
> the direct formula of the Hessian in the critical point has
been found
> The leading order of the operator T has been studied.
> It splits into direct sum of T, o ..
> On each space Inv () ;) it is proportional to the identity
with a factor dependent on total area of polyhedron A =3 j.

Summary

v

Further directions
» Subleading order
» Applications to concrete examples

www.fuw.edu.pl/~mpd

E INNOVATIVE ECONOMY NP




Large j behaviour of
dipole cosmology
transition amplitudes

S ummary Jacek Puchta

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the
SPA is applicable
> the direct formula of the Hessian in the critical point has
been found
> The leading order of the operator T has been studied.
> It splits into direct sum of T, o ..
> On each space Inv () ;) it is proportional to the identity
with a factor dependent on total area of polyhedron A =3 j.

Summary

v

Further directions
» Subleading order
» Applications to concrete examples

» Boundary conditions

www.fuw.edu.pl/~mpd

i INNOVATIVE ECONOMY NP




Large j behaviour of
dipole cosmology
transition amplitudes

S ummary Jacek Puchta

» The integrand (¢| YTg Y |¢/) has been studied
» Smoothness of the exponent part has been proven - thus the
SPA is applicable
> the direct formula of the Hessian in the critical point has
been found
> The leading order of the operator T has been studied.
> It splits into direct sum of T, o ..
> On each space Inv () ;) it is proportional to the identity
with a factor dependent on total area of polyhedron A =3 j.

Summary

v

Further directions
» Subleading order
» Applications to concrete examples

» Boundary conditions

> ...

www.fuw.edu.pl/~mpd

i INNOVATIVE ECONOMY NP




Large j behaviour of
dipole cosmology
transition amplitudes

Jacek Puchta

Thank you for your attention! S

International PhD Projects Programme (MPD) - Grants for Innovations

EUROPEAN UNION
5 INNOVATIVE ECONOMY FNP EUROPEAN nmonmu
NATIONAL COHESION STRATEGY oo for ot S DEVELOPMENT FUND



	Introduction
	Motivation
	Saddle Point Approximation

	The lorentzian polyhedra propagator - preliminary analysis
	Definition and basic properties
	Symmetries of the integrand
	Strategy of integration

	Integrand's smoothness check
	f(j)m()
	1Jln(f(j)m())
	(,J)
	Hessian

	Results and summary
	Result
	Summary


